@ Pearson

Edexcel
Mark Scheme (Result)

November 2021

Pearson Edexcel GCE Further Mathematics
Advanced Level in

Further Mathematics Paper 1

9FMO0/01



Edexcel and BTEC Qualifications

Edexcel and BTEC qualifications are awarded by Pearson, the UK's largest awarding body.
We provide a wide range of qualifications including academic, vocational, occupational and
specific programmes for employers. For further information visit our qualifications websites
at www.edexcel.com or www.btec.co.uk. Alternatively, you can get in touch with us using the

details on our contact us page at www.edexcel.com/contactus.

Pearson: helping people progress, everywhere

Pearson aspires to be the world's leading learning company. Our aim is to help everyone progress
in their lives through education. We believe in every kind of learning, for all kinds of people, wherever
they are in the world. We've been involved in education for over 150 years, and by working across
70 countries, in 100 languages, we have built an international reputation for our commitment to high
standards and raising achievement through innovation in education. Find out more about how we
can help you and your students at: www.pearson.com/uk

November 2021

Publications Code 9FM0_01_2111_MS

All the material in this publication is copyright
© Pearson Education Ltd 2021


http://www.edexcel.com/
http://www.btec.co.uk/
http://www.edexcel.com/contactus
http://www.pearson.com/uk

General Marking Guidance

o All candidates must receive the same
treatment. Examiners must mark the first candidate in
exactly the same way as they mark the last.

e Mark schemes should be applied positively. Candidates
must be rewarded for what they have shown they can do
rather than penalised for omissions.

e Examiners should mark according to the mark scheme
not according to their perception of where the grade
boundaries may lie.

e Thereis no ceiling on achievement. All marks on the mark
scheme should be used appropriately.

e All the marks on the mark scheme are designed to be
awarded. Examiners should always award full marks if
deserved, i.e. if the answer matches the mark
scheme. Examiners should also be prepared to award
zero marks if the candidate’s response is not worthy of
credit according to the mark scheme.

e Where some judgement is required, mark schemes wiill
provide the principles by which marks will be awarded
and exemplification may be limited.

e When examiners are in doubt regarding the application
of the mark scheme to a candidate’s response, the team
leader must be consulted.

e Crossed out work should be marked UNLESS the
candidate has replaced it with an alternative response.



EDEXCEL GCE MATHEMATICS
General Instructions for Marking
1. The total number of marks for the paper is 75.

2. The Edexcel Mathematics mark schemes use the following types of
marks:

M marks: method marks are awarded for ‘knowing a method and

attempting to apply it’, unless otherwise indicated.

e A marks: Accuracy marks can only be awarded if the relevant
method (M) marks have been earned.

e B marks are unconditional accuracy marks (independent of M
marks)

e Marks should not be subdivided.

3. Abbreviations

These are some of the traditional marking abbreviations that will appear
in the mark schemes.

e bod - benefit of doubt

o ft - follow through

o the symbolf will be used for correct ft

e cao - correct answer only

e (SO - correct solution only. There must be no errors in this part
of the question to obtain this mark

e isw - ignore subsequent working

e awrt - answers which round to

e SC: special case

e 0e - or equivalent (and appropriate)

e dep - dependent

e indep - independent

e dp decimal places

o sf significant figures

e % The answer is printed on the paper

[ ]

B The second mark is dependent on gaining the first mark

4. All A marks are ‘correct answer only’ (cao.), unless shown, for
example, as Al ft to indicate that previous wrong working is to be
followed through. After a misread however, the subsequent A marks
affected are treated as A ft, but manifestly absurd answers should
never be awarded A marks.



1(a) detM =—4x—4—43x—4J3=... = k =+/detM =.... M1 | 3.1a
Wayl | k=8 Al | 11b
1 3
—-Q= 2 2 |_(cosO -sind s Cosf= iz = M1 | 1.1b
|3 1| \sin@ cosé o2 00T '
2 2
(cos@ <0,sin@>0=> Quadrant 2s0) &=120° Al 1.1b
4)
cos¢ —sin@\(k 0)_ (cos¢ —sing)_( 4 —43 v | a1
Way 2 sing  cosd ){0 k) (sin@ cosd) (443 -4 -8
Achieves both the equations kcos@=—4 and ksin @ =43 Al 1.1b
ksind _ 43 _ o 3o i M1 L1b
kcoséd -4
©=120"and k =8 Al 1.1b
(4)
(b) Area of S’ =area of S x k? (The area of the square S =2a?) M1 1.1b
Area of S" = 128a? Alft | 2.2a
)
(6 marks)
Notes:
(a) Way 1

M1: A full method to find k such as attempting the square root of the determinant of M. It is

immediately deducible so the method may be implied by k = 8.

Al: k=8

M1: A full method to find a value of & using their k, no need to justify quadrant. Only one equation

needed for this mark. Allow if a radians answer is given. May be implied by a correct angle.

Al: Correct angle in degrees.

Way 2

M1: Multiplies the correct matrix representing transformation Q by the matrix representing
transformation P and sets equal to matrix M. Allow for the matrices either way round as the
transformations commute. No need to see the identity matrix, just multiplying through by k is
sufficient.

Al: Both correct equations. Note that if a correct value of k is found, this A is scored under Way 1.
M1: Solves their simultaneous equations to find a value for & (or k)
Al: =120" and k =8

(b)

M1: Complete method to find the area of S’:'their k *' x"their 2a®"'. Must be an attempt at the area
of S but it need not be correct.

Alft: Deduces the correct area for S’, follow through their value of k




@ Cof Gl [ i
2 X 3 3 l-—+——.. | =...
M1 2.2a
2
l(1J_rcosgj=1 1+ 1—1(3j + 1(2)() — |
2 3 2 2\ 3 410 3
2
XLy Al | 11b
9 243
(2)
(b) _xj 1
I _.[ ——+—x = Aln x+ Bx? +Cx* M1 3.1a
X 9 243
where A, B andC=0
2
nx—2 4L s Alft | 1.1b
18 972
=awrt 0.98295 Al 2.2a
®)
(c) Calculator = awrt 0.98280 Bl 1.1b
1)
(d) E.g. the approximation is correct to 3 d.p. Bl 3.2b
1)
(7 marks)
Notes:
(@)

X
M1: Deduces the required series by using the Maclaurin series for cos x, replacing x with 3 and
squares, or first applying the double angle identity (allow sign error) and then applying the series for

. 2X . . - : - .
cos x with 3 Attempts at finding from differentiation score MO as the cosine series is required.

Al: Correct series

(b)

M1: Divides their series in part (a) by x and integrates to the form Aln x + Bx? + Cx*

Alft: Correct integration, follow through on their coefficients and need not be simplified.
Al: Deduces the definite integral awrt 0.98295

(©)

B1: Correct value.

(d)

B1: Makes a quantitative statement about the accuracy, so e.g. how many decimal places or
significant figures it is correct to, or calculates a percentage accuracy to deduce it is reasonable. Do
not accept just “underestimate” or similar without quantitative evidence. Allow for a reasonable
comment as long as (b) is correct to at least 2 s.f. but (c) must be the correct value.




3 W=4x—1:>x=WT+l B1 3.1a
w+1)’ w+1) w+1
a(_j +b(_j _19(_j_b (=0) or
4 4 4 M1 3.1a
(4x-1)° ~9(4x~1)" ~97(4x~1)+c (=0)
aw’ +(3a-+4b)w” +(3a+8b—-304)w+(a—60b—-304) =0 v | 11b
or 64x°- 192x°- 304x+ 87+ ¢= 0 |
Divides by a and equates the coefficients of w? and w
3a+4b _ o 3a+80-304 .
a a
and solves simultaneously to find a value for a or a value for b
Note: 12a+4b =0 and 100a+8b =304 M1 3.1a
or
Divides through by ‘16’ leading to values of a and b
4x%- 12x%- 19x+ 87+c_ 0
c_a=60b-304 . 87*C_.5p o M1 | 1.1b
a
a=4 b=-12 c=105 Al 1.1b
(6)
(6 marks)

Notes:

B1: Selects the method of making a connection between x and w by writing w=4x-1 or x = WTH

M1: Applies the process of substituting their x = WT+1 into ax®+bx? -19x—-b=0 or w=4x-1
into w* —9w® —97w+c = 0. Must be substitution of the correct variable into the opposing equation
but may be scored if the initial linear equation is incorrect (e.g. x =4w-1 into the first equation).
Note that the “ =0 ““ can be missing for this mark.

M1: Expands the brackets and collects terms in their equation (in x or w). Note that the “ =0 “ can
be missing for this mark.

M1: A complete method for finding a value for a or b. See scheme, it involves dividing through by
an appropriate factor for their equation to balance the w3 or —19x terms, then equating other
coefficients and solving equations if necessary.

M1: A complete method for finding a value for ¢. They must have divided through by an appropriate
factor as per the previous M before attempting to compare the constant coefficient (and use their a
and b if appropriate).

Al: a=4 b=-12 c=105




Alternative

At least two of a—|—ﬂ+]/:_g aﬂ+a7+ﬂy:_% aﬂy=§ Bl 3.1a
b
New sum =4(a+B+y)-3=9 :>4(—gj—3=9:b:—3a M1 | 3.1a
New pair sum=16(aB+ay + By)—-8(a+ B +y)+3=-97
M1 1.1b
:16[—Qj—8(—EJ+3:—97
a a
19
:16(—;)—8(3)+3=—97:>a=... M1 3.1a
New product 64(afy)—16(af+ay+By)+4(a+pf+y)-1=—C
b 19 M1 1.1b
:>64[—)—16(——j+4(3)—1=—c:>c=...
a a
a=4 b=-12 c=105 Al 1.1b
(6)

Alternative Notes

B1: Selects the method of giving at least two correct equations containing «, g and »
M1: Applies the process of finding the new sum to generate an equation in a and b. Must be

substituting in the correct places.

M1: Attempts the new pair sum to generate another equation connecting a and b. Must be

substituting in the correct places.

M1: Solves their equations to find a value for a or b.

M1: Uses the new product with their values to find values for a, b and ¢
Al: a=4 b=-12 c=105




4(i) (a) It is possible as the number of columns of matrix A matches the B1 24
number of rows of matrix B. '
(b) | Itis not possible as matrix A and matrix B have different dimensions
. Bl 2.4
o.e. different number of columns
)
(i@ | A=5 Bl | 22a
a=1 b=2 Bl 2.2a
(b) 0 5 0
1
Inverse matrix =5 2 12 -1 Bl1ft | 3.1a
-1 -11 3
@)

(iii) A complete method to find the determinant of the matrix and set M1 | 1.1b
equal to zero. '
Determinant = 1(sin @ sin 26 —cos & cos 26)—1(0)+1(0) =0 Al | 11b
Uses compound angle formula to achieve cos36 =0 leading to 6 =...

or
use of sin2q= 2sinqcosqand cos2q=1- 2sin’q (e.g. to achieve
cosq(4sin’q- 1)= 0) leading to ¢ =... M1 | 3.1a
or
use of sin2q= 2singcosqand cos2q= 2cos’q- 1 (e.g. to achieve
4cos’q- 3cosq= 0) leading to 6 =...
T 7w 57w
526 Al 1.1b
(4)
(9 marks)
Notes:
()(a)

B1: Comments that the number of columns of matrix A (2) equals the number of rows of matrix B

(2) therefore it is possible. Accept other terminology that is clear in intent e.g. “length of A” and

“height of B”

(b)

B1: Comments that matrix A and matrix B have different dimensions therefore it is not possible.

(i)(a)

B1: Deduces the correct value for A =5
B1: Deduces the correct values for aand b

(b)

B1ft: Identifies and applies a correct method find the inverse matrix. May multiply from the given
equation, in which case follow through on their value of lambda. Alternatively, award for a correct
matrix found by calculator or long hand having found a and b and using these values in the matrix.




(iii)

M1: A complete method to find the determinant of the matrix and sets it equal to 0

Al: Correct equation

M1: Uses appropriate correct trig identities to solve the equation and finds a value for g
T T 51w

Al: All three correct values ¢ = 528 and no others in the range.




. 1 1
5(i) j2e7x dx = —de 2" Bl | 1.1b

o Ly 1 1
L 2e 2 dXx =tliml:[—4e 2tj—[—4e ZH ML | 21

1

—4e 2 Al 1.1b
®)
(ii)(@) 1 e
Mean temperature =— 8—5sin| -t |~cos| Zt | it Bl 1.2
24 ), 12 6
1[(.. 60 6 !
=— 8t+—cos[£t)——sin(£t) =—..] M1 1.1b
24| V4 12 V4 6 o 24
:% (8(24)+@—§xoj—(@ﬂ:8*030 Al* | 21
V4 T T
@)
(ii)(p) | E-9. increase the value of the constant 8 / adapt the constant 8 to a B1 3.5¢
function which takes values greater than 8. '
)
(7 marks)
Notes:
(i)

B1: Correct integration.
1
—-=X
M1: Attempt to integrate to a form A€ 2 where A = 2, and applies correct limits with some
consideration of the infinite limit given (e.g. with the limit statement). Only allow with oo used as
the limit if subsequent work shows the term is zero.
Al: Correct value

(i)(a)
B1: Recalls the correct formula for finding the mean value of a function. You may see the division
by “24” only at the end. No integration is necessary, just a correct statement with an integral.

M1: Integrates to a form at +ﬂcos(%tj +05sin (%t} and uses the limits of 0 and 24 (the correct

way around). If no explicit substitution is seen, accept any value following the integral as an attempt.
Answers from a calculator with no correct integral seen score MO as the question requires calculus to
be used.

Al*cso: Achieves 8 with no errors seen following a full attempt at the substitution. Must have seen

some evidence of the limits used, minimum required for substitution is {[8(24)+@j—(@ﬂ .
T T

(ii)(b)

B1: Accept any reasonable adaptation to the equation that will increase the mean value. E.g. as in
scheme, or introduce another positive term, or decrease the constant 5 etc. It must be clear which
constant they are referring to in their reason, not just “increase the constant”.




6(a) | 5k(13.6)+2k(0)+17(-20)=0=k=.. M1 | 33

k=5 Al 1.1b
(2)

(b) Solves their 25m? +10m+17 =0 = m=... M1 3.1b
m=-0.2+0.8i Al 1.1b
x=e"%(Acos0.8t+Bsin0.8t) Alft | 1.1b
t=0,x=-20= A=... (=—20) M1 34
dx

—=-0.2e°*( Acos0.8t + Bsin 0.8t)
dt M1 | 1.1b

+e "% (-0.8Asin 0.8t +0.8Bc0s0.8t)

tzo%:O:—O.2A+O.BB:O:>B:... (=-5) dM1 3.4
x=e"%%(-20c0s0.8t-5sin0.8t) o.e. Al | 1.1b
()
(¢) | Vertical height =30+ e®** (~20c0s(0.8x15) -5sin(0.8x15)) | M1 | 34
Vertical height = awrt 29.3 m Al 2.2b
)
(d) For example
It is unlikely that the rope will remain taut
The model predicts the tourist will continue to move up and down, Bl 3.5b
(but in fact they will lose momentum)
The tourist is modelled as a particle
1)
(12 marks)
Notes:
(@)
. d2X dx . . . . .
M1: Substitutes F =13.6 Fra 0 and x =—20into the differential equation to find a value for k.

Allow if there are sign slips but must be attempting the values in the correct places.
Al: Correct value k =5

(b)
M1: Forms and solves the auxiliary equation.
Al: Correct solution to the auxiliary equation (not follow through).

Alft: Correct complementary function for their solutions to their auxiliary equation. (Follow
through on distinct real, repeated or complex roots.)




M1: Uses the information from the model t =0 x=—20 to find a constant or equation linking two
constants in their equation.

M1: Differentiates an expression of the form e (Acos At+Bsin Azt) using the product rule to find
an expression for the velocity.

dM1: Uses the information from the model, t=0 % =0 to find and solve another equation for the
constants.

Al: Correct equation for displacement.

(©)

M1: Finds the height above the river by finding the displacement after 15 seconds and adding 30
Al: Vertical height = awrt 29.3 m

(d)

B1: Any suitable comment relating to the given model or the outcomes of it. See scheme for
examples. Do not accept just “air resistance has not been considered” as the question does not say
this was ignored. However, if a valid consequence of what including air resistance would mean to
the model, then the mark may be awarded.




7(a) -1\ ( 2 2 2
3|=-2+6-4=0and|0|| 3|=4+0-4=0
—4 1) -4
M1 1.1b
-1) (2 2x1-1x0
Alt: | 2 |x]0|=] —(-1x1-1x2) |=...
1 1 —-1x0-2x2
As 2i + 3j — 4k is perpendicular to both direction vectors (two non- Al 992
parallel vectors) of /7 then it must be perpendicular to 77 '
)
(b) X 2 3 2
31=13|| 3|= M1 1.1a
—4 2)\ 4
2x+3y—4z=7 Al 2.2a
)
2(4+t)+3(-5+6t)—4(2-3t)-7
©  [rryescseay (2 PN I M1 | 3.la
\/22+32+(—4)
9 5
t=—"and t==
3 5 Al 1.1b
4 1 4 1
9 5
r=|-5 3 6|=...orr=|-5 +§ 6|=.. M1 1.1b
2 -3 2 -3
23 47 43 13 11
-~ = d|=—,10,—-=— Al 2.2
[8 4 8)3” (2 2j :
(4)
(8 marks)
Notes:
(a)

M1: Attempts the scalar product of each direction vector and the vector 2i + 3j — 4k. Some
numerical calculation is required, just “= 0" is insufficient. Alternatively, attempts the cross product
(allow sign slips) with the two direction vectors.

Al: Shows that both scalar products = 0 (minimum —2+6—-4=0and 4-4=0) and makes a

minimal conclusion with no erroneous statements. If using cross product, the calculation must be
correct, and a minimal conclusion given with no erroneous statements.




(b)

X 2 3 2

M1: Applies | Y || 3|=]|3]|| 3|=..
z)\ -4 2\ -4

Al: 2x+3y—-4z=7

©)
M1: A fully correct method for finding a value of t. Other methods are possible, but must be valid
and lead to a value of t. Examples of other methods:

229 -+ 2(4+1)+3(-5+6t)-4(2-3t) 7
22 4 32 4 (—4)? J29

and shortest distance from plane to origin.

o 2(4+1t)+3(-5+6t)-4(2-3t) =7 =t =t (t at intersection of line and plane) and

(2,3,-4)".(1,6,-3)"

using plane parallel to 77 through origin

sing = sine of angle between line and plane) followed b
Siné?:@:k:...:t:tiik
k+/46

Al: Correct values for t. Both are required.
M1: Uses a value of t to find a set of coordinates for A.
Al: Both correct sets of coordinates for A.




8(a) Volume of paint = 30 litres therefore
Rate of paint out = 3x % litres per second M1 3.3
dr r
@210 Al 1.1b
(2)
(b) Rearranges % + % — 2and attempts Separates the variables
1 1
i i dr =—dt M1 3.1a
mtegratllng factor _f 20—t 10
IF= olo® =..
. . . . Integrates to the form
ret® = [ 2610 dt = re®® = je® (+c) Mn(20—r)=%t(+c) M1 | 1.1b
1
reld — 20830 4 ~In(20-r)=t+c Alft | 1.1b
t=0,r=10=c= M1 3.4
t
20e% -10
r=———=15 rearranges to
old
t
achieve et = ¢ and solves to find a (20 15 1 tIn1o
—In —-15)=—t—1In
value for t ( ) 10 M1 34
or Leading to a value for t
t
r=20-10e © =15 rearranges to
t
achieve e ° = /8 and solves to find a
value for t
t =awrt 7 seconds Al 2.2b
(6)
(©) The model predicts 7 seconds but it actually takes 9 seconds so (over) B1ft | 35a
2 seconds out (over 20%), therefore it is not a good model '
1)
(9 marks)
Notes:
(@)

M1: Clearly identifies that Rate of paint out = 3x

their volume

r

there must be clearly reasoning. Just answer with no reasoning scores MO.
Al: Puts all the components together to form the correct differential equation.

. It is a “show that” question so




(b)
M1: Identifies as a first order differential equation and finds the integrating factor or separates the

variables and integrates. Allow if there are sign slips in rearranging (e.g. to ﬂ—% =2)orinthe

dt
integrating factor and allow with their value for a or with a as an unknown.

M1: Multiplies through by the IF and attempts to integrate or integrates to the form
Mn(2a—r)=lt+coe

a
Alft: Correct integration, including constant of integration. Follow through on their value of a, but

t t
not sign slips from rearrangement. So allow for re2 =2ae® +c or —In(2a—r)= 1t+c oe with a
a

or their a.
M1: Uses the initial conditions to find the constant of integration. Must see substitution or can be
implied by the correct value for their equation. Allow for finding in terms of a if separation of

variables used.
t

t -
M1: Sets r =15, achieves e® =¢ >0 or € 1 = > 0as appropriate and solves to find a value for t.

Separates the variable method sets r = 15 and rearranges to find a value for t. Note: For this mark a
value of a is needed, but need not be the correct one.

Alcso: t =awrt 7 seconds from fully correct work.

(©

B1ft: See scheme, follow through on their answer to part (b). Accept any reasonable comparative
comment but must have a reason, not just a statement of good or not good. So e.g. look for finding
the difference between their answer and 9, or the percentage difference. If their answer is close to 9,
then accept a conclusion of being a good model if a suitable reason is given. May substitute 9 into
their equation and obtain a value to compare with 15 and make a similar conclusion.




2
%) 2 dx— [f(u)du
VX -1 M1 | 3.a
Uses the substitution x =coshu fully to achieve an integral in terms
of u only, including replacing the dx
2
cosh s inhu (du) Al 1.1b
Jcosh?u —
Uses correct identities
cosh?u—1=sinh?u and cosh 2u = 2cosh?u —1
to achieve an integral of the form M1 | 3la
Aj(cosh 2u+1)du A>0
_ 1.
Integrates to achieve A(izsmh 2uiuj(+c) A>0 M1 | L1b
Uses the identity sinh2u =2sinhucoshu and cosh?u —1=sinh?u M1 ”1
—sinh2u = 2xy/x* -1 '
%[x\/xz —1+arcosh x}tk* Cso Al* | 1.1b
(6)
(b) Uses integration by parts the correct way around to achieve
2
Ji x arcoshxdx = Px*arcoshx — Q X dx M1 2.1
15 VX2 -1
— i 1 x2arcoshx — 1 —X2 dx Al 1.1b
15( 2 2 ) \Jx?-1 '
_4L x?arcoshx — 11 [x\/ X -1+ arcoshx} Bift | 2.2a
15| 2 2\ 2
Uses the limits x =1 and x = 3 the correct way around and subtracts
_4 l(3)2 arcosh3—1 1[3 (3)2 —1+arcosh3} —i(o) aM1 | 1.1b
15\ 2 2\ 2 15
38 1
:—(—I (3+ I)———— (3+ f)j
Al* | 1.1b
— 1 *
- E[17|n(3+ 22)-6v2]
®)

(11 marks)




Notes:

(@)

M1: Uses the substitution x =coshu fully to achieve an integral in terms of u only. Must have
replaced the dx but allow if the du is missing.

Al: Correct integral in terms of u. (Allow if the du is missing.)

M1: Uses correct identities cosh?u—1=sinh?u and cosh 2u = 2cosh?u —1 to achieve an
integrand of the required form

M1: Integrates to achieve the correct form, may be sign errors.

M1: Uses the identities sinh2u = 2sinhucoshu and cosh®u —1 = sinh? u to attempt to find
sinh2 u in terms of x. If using exponentials there must be a full and complete method to attempt the
correct form.

Al1*: Achieves the printed answer with no errors seen, cso
NB attempts at integration by parts are not likely to make progress — to do so would need to split the

integrand as X . If you see any attempts that you feel merit credit, use review.

x% -1

(b)

M1: Uses integration by parts the correct way around to achieve the required form.

Al: Correct integration by parts

B1ft: Deduces the integral by using the result from part (a). Follow through on their ‘uv’

dM1: Dependent on previous method mark. Uses the limits x = 1 and x = 3 the correct way around
and subtracts

Al*cso: Achieves the printed answer with at least one intermediate step showing the evaluation of
the arcosh 3, and no errors seen.






